This analysis was conducted to investigate the influence that dispersion in crystal grain sizes has upon the yield behavior of nanocrystalline materials. In the model proposed for this purpose, the distribution of crystal grains was expressed in a log-normal manner. It was assumed that the yield stress of each crystal grain was determined by the relationship between the grain size and the stress required for the generation of dislocations from a grain boundary. Furthermore, using the micromechanics of inclusions, we carefully considered the internal stresses in the crystal grains yielded at a different remote applied stress and in the matrix which is still elastic. The result of the analysis showed that the increase of compliance with the yielding of crystal grains from large to small can cause the macroscopic yielding of nanocrystalline materials. It was also inferred that the distribution of crystal grains was one of the important factors which affect the shape of the stress-strain curve and the macroscopic yield stress.
Introduction
It is well known that the yield stress of metals is improved by a decrease in the mean grain size. Analyses to clarify the limitation of strengthening by crystal grain refinement began in the 1960's. 1, 2) The appearance of bulk nanocrystalline materials in the 1980's 3) triggered a number of experimental studies of their mechanical behavior. [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] In the past decade, a variety of models have been proposed to rationalize the relationship between measurements of yield stress and mean grain size. [15] [16] [17] [18] [19] [20] This study proposes a new micromechanics model to investigate the influence that dispersion in crystal grain sizes has upon the yield behavior of nanocrystalline materials.
In the presented model, it is assumed that, at a remote applied stress, all crystal grains larger than a critical size undergo plastic deformation while the rest of the crystal grains in the sample remain elastic. The model is constructed of the following three pieces: (1) the distribution of crystal grains; (2) the relationship between the yield stress of each crystal grain and its size; and (3) the relationship between a remote applied stress and the actual stresses generated in the individual crystal grains. For the first piece, a log-normal distribution is used since this distribution describes well the dispersion in crystal grains of metals including nanocrystalline materials. 5, 21, 26) Concerning the second piece, it is assumed that the yield stress of each crystal grain is determined by the shear stress which is required for the generation of dislocations from a grain boundary. 22) The relationship of the third piece is obtained from the micromechanics of inclusions. [23] [24] [25] Based upon the above model, the stress-strain curve was calculated for nanocrystalline copper and it was compared with the real curves. We then analytically investigated the influence that the distribution of crystal grains has upon the macroscopic yield behavior of nanocrystalline materials. Finally, the large scattering of real data in a Hall-Petch type relationship was discussed for nanocrystalline copper.
Analysis Method

Distribution of crystal grains
As mentioned in the introduction, the distribution of crystal grains in nanocrystalline materials is well expressed by a log-normal distribution. Namely, the number fraction of crystal grains with volume v, f ðvÞ, is described by 15, 26) f ðvÞ
Here NðvÞ is the number of crystal grains with volume v, N D is the total number of grains in the sample, and s ln v and m ln v represent the standard deviation and mean of lnðvÞ. In this distribution, the mean volume of crystal grains, v m , is given by
where V D is the total volume of all grains in the sample. 15) It is assumed that the crystal grains are spherical and then the root mean cube grain size, d m , is
The volume fraction of crystal grains with volume v, f V ðvÞ, is described by
where VðvÞ is the volume occupied by the grains with volume v. 15) If the crystal grains whose volume exceed v y yield, the total volume fraction of yielded grains is given by
Yield stress of crystal grains
When the crystal grain sizes decrease to nanometer scale, it is difficult for the crystal grains to be yielded by the generation of dislocations from Frank-Read sources because an extremely high applied stress is needed to activate the sources. Accordingly, the yield stress of crystal grains can be decided by the critical stress where dislocations are initiated from the other kind of dislocation sources acting under a relatively lower applied stress. In such a case, grain boundaries are one of the most available dislocation sources.
If it is supposed that dislocations are developed from grain boundaries, the critical shear stress of crystal grains with the size of d is given by
where and m are material constants, is the shear modulus and b is the magnitude of Burgers vector. 22) Since the yield stress of crystal grains, y ðvÞ, is related to c ðdÞ by Taylor factor, M, eq. (6) can be rewritten to
where we used d ¼ ffiffiffiffiffiffiffiffiffiffi 6v= 3 p .
Single inclusion in infinite solid
When the plastic deformations of yielded crystal grains are restricted by the matrix which is still elastic, self-equilibrated internal stresses are produced in the material. In this section and the following section, we estimate these stresses using the micromechanics of inclusions.
At first, consider a single spherical inclusion which has a plastic strain, p ij , in an infinite solid. The solid is assumed to be homogeneous and isotropic. The existence of p ij induces the internal stresses:
where is Poisson's ratio. 23) The other components are obtained by the permutation of (1, 2, 3) in eqs. (8) . The stress generated in the inclusion is given by the sum of the applied stress and the internal stress,
Under uniform uniaxial remote applied stress
=2 and all shear strain components are zero. Substituting
where E is Young's modulus. In addition, all shear stress components are zero under the assumed condition.
Finite solid containing many inclusions
If a finite solid contains many spherical inclusions, the interaction among the inclusions and the interaction between the inclusions and the free surface must be considered. It is generally difficult to treat these two interactions. However, if the inclusions are identical in their characteristics, the average of the internal stress in the matrix, h ij i M , and the internal stress in the inclusions, h ij i , are given by
where f V is the volume fraction of inclusions and ij is the internal stress of a single inclusion in an infinite solid. 24, 25) Equations (10), which are called Mori-Tanaka equations, are useful because the internal stress is approximated by only f V and ij . Consider the internal stress in more realistic materials where the number fraction of crystal grains obeys a lognormal distribution given by eq. (1) . If the yield stress of crystal grains is a function of v given by eq. (7), the yielded grains with different volumes have different plastic strains and internal stresses. In this case, eqs. (10) cannot be directly applied. Accordingly, we extend Mori-Tanaka equations below using the same method employed in Ref. 25 ) to obtain eqs. (10) . 1 À
Suppose that one more spherical inclusion with volume v is added to the matrix. At the place where the inclusion is added, h ij i M has been generated and further the added inclusion produces the internal stress there. This internal stress is approximated by the internal stress of a single inclusion in an infinite solid, ij ðvÞ. Accordingly, the stress in the added inclusion can be given by h ij i M þ ij ðvÞ. This value is the same as the stress applied to the other inclusions with the same volume v, that is, h ij i ðvÞ. Therefore,
From eqs. (11), we obtain
When we consider the applied stress 0 ij , the stresses generated in the matrix and inclusions are given by
Applied stress
It is difficult to obtain directly the relationship between the remote applied stress 0 and the macroscopic strain " for the solid mentioned in the previous section. Accordingly, the increment of 0 , 0 , is given as a function of the minimum volume of yielded grains v y in this section and the increment of "
, " , will be related to v y in the following section. Using both relationships, we can numerically calculate the stressstrain curve of nanocrystalline materials.
Consider that a finite solid containing many spherical inclusions is subjected to a uniaxial remote applied stress 0 . It is assumed that work-hardening of the yielded grains is negligibly small because this analysis is limited to the region where plastic deformation is small.
According to the maximum shear stress criterion, the yielding of grains is described by
On the other hand, the following equation is obtained using eq. (12b) and ij ðvÞ given by eq. (9): If we note
the increment of 0 during the increment of v y is finally obtained from the differential of eq. (17) by v y :
In the above equation, d y ðv y Þ=dv y can be given by the differential of eq. (7) after substituting v y into v. Figure 2 schematically shows a stress-strain curve of the solid mentioned in the previous section. As shown in this figure, the increment of macroscopic strain " can be derived from both 0 and the macroscopic slope, " E E. 0 was obtained as a function of v y in the previous section. In this section, we consider " E E using the relationship between energy dissipated during plastic deformation, U, and Gibbs free energy change, ÁW, which has been explained in Ref. 23 ).
Macroscopic strain
When 0 and " increase by the small amounts 0 and " , the energy per unit volume dissipated by the plastic deformation of inclusions during this change, U=V D , equals the dotted area shown in Fig. 2 . Accordingly,
If the change of temperature during the above deformation is negligibly small, the physical meaning of ðÁWÞ is the negative of energy dissipated during the plastic deformation of inclusions, that is, U ¼ ÀðÁWÞ.
as shown in Fig. 2 . From these relationships, eq. (19) becomes
In the simple case of the solid containing one kind of spherical inclusions, since the plastic strain and the stress in the inclusions are uniform and same, 23) ÁW=V D of the inclusions is given by
In the above equation, f V shows the volume fraction of the inclusions. However, if many kinds of inclusions with different volume v are included in the solid, the inclusions have different plastic strain and stress. In this case, eq. (21) is rewritten as (13) and (16) into eq. (22) and using eq. (5), we derive the following equation after a long algebraic calculation:
In the above equation, C is a constant independent of 0 . After eq. (23) is substituted into eq. (20), we obtain
From eqs. (18) and (24), the following equation is finally derived:
When 0 and " are numerically calculated from eqs. (18) and (25) as gradually decreasing v y (v y < 0), the stressstrain curve can be obtained. The macroscopic yield stress is given from the calculated stress-strain curve as the remote applied stress when the macroscopic plastic strain, " À 0 =E, reaches 0.2%.
Results and Discussion
Parameters for calculation
A lot of studies have been conducted on nanocrystalline materials and their structures. However, since there are few investigations concerning the distribution of crystal grains for nanocrystalline copper, we investigated it to calculate stressstrain curves. The investigated sample was one of the series used in Ref. 12 ). The stress-strain curves are referred in Fig. 4 . It was produced through inert gas condensation and compaction conducted at 373 K. The grain sizes d were measured from TEM pictures and the grain volumes were deduced through v ¼ d 3 =6. The number of measurements was 400. Figure 3 shows the log-normal probability plot of grain volume data obtained from the above measurements. The figure clearly shows that the data follows a log-normal distribution. The parameters of a log-normal distribution are obtained from Table 1 . Figure 4 shows the calculated stress-strain curve and change in F V ðv y Þ with the real stress-strain curves of the nanocrystalline copper. As mentioned, these real curves were obtained for the same samples used to obtain the distribution of crystal grains shown in Fig. 3 .
Comparison between real and calculated stressstrain curves
12)
The figure shows that the calculated stress-strain curve (dotted line) roughly agrees with that of the real nanocrystalline copper (solid lines). In the calculation, as the remote applied stress increases, the minimum volume of yielded crystal grains goes from large to small and F V ðv y Þ increases. As understood from eq. (24), the increase of F V ðv y Þ increases the compliance of the solid 1= " E E. This gradual increase of 1= " E E produces the yielding portion of the calculated stress-strain curve. From the above consideration, it is suggested that the increase of the compliance due to the yielding of crystal grains can cause the macroscopic yielding of nanocrystalline materials.
Effect of distribution of crystal grains on yield stress
Figures 5 show the results of the calculations for the influence of mean grain size d m on the distribution of volume fraction and the stress-strain curve, where s ln v is constant. Since the distribution strikingly spreads out towards larger crystal grains with increasing d m (Fig. 5(a) ), materials with a larger mean grain size start yielding at a lower level of 0 ( Fig. 5(b) ). Furthermore, as shown in Fig. 5(b) , the shape of the stress-strain curve depends on d m . The results predict that the mean grain size determines not only the yield stress but also the shape of the stress-strain curve.
Figures 6 show the results of the calculations for the influence of s ln v on the distribution of volume fraction and the stress-strain curve, where d m is constant. The increase of s ln v results in the spread of the distribution and the increase in the volume fraction of larger crystal grains ( Fig. 6(a) ). Accordingly, the yield stress decreases with the increase in s ln v (Fig. 6(b) ). This means that s ln v also affects the yield stress even if the mean grain size is the same. The above calculations show that the stress-strain curves of nanocrystalline materials can be controlled by the distribution of crystal grains. This means that using only d m is insufficient to consider the yield stress of nanocrystalline materials. It can be said that at least two parameters in d m , s ln v and m ln v are needed to consider this point. Figure 7 shows the Hall-Petch type relationships calculated by changing s ln v from 1 to 2.5. This figure includes real data of nanocrystalline copper. [7] [8] [9] [10] [11] [12] As understood from the figure, although the yield stress of real nanocrystalline copper is largely scattered, a lot of data are plotted in the region lying between the extremes of s ln v ¼ 1 and 2.5. This suggests that the wide scatter of data can be caused by the difference of s ln v . Since s ln v especially impacts the yield stress in the region where d m is very small, the distribution of crystal grains should be considered in detail to clarify experimentally the relationship between the yield stress and 1= ffiffiffiffiffi ffi d m p .
Conclusions
(1) A micromechanics model concerning the yield behavior of nanocrystalline materials was proposed. For this model, Mori-Tanaka equations were extended to the case of a finite solid containing many spherical inclusions which have different plastic strains and internal stresses.
(2) The calculated stress-strain curve based upon the presented model roughly agreed with the real stress-strain curves of nanocrystalline copper. This agreement meant that the model was appropriate to simulate the yield behavior of nanocrystalline materials. Furthermore, it was suggested that the increase of compliance due to the yielding of crystal grains which occurs from large grains to small ones can cause the macroscopic yielding of nanocrystalline materials. Hall-Petch relationships of nanocrystalline copper calculated by changing s ln v and the real data. [7] [8] [9] [10] [11] [12] 
